AN APPLICATICN OF THE IMPLICIT FUNCTION THEOREM TO
COMPARATIVE STATICS ANALYSIS

Apsrracr. Comparative staties analysis is concerned with the comparison of equililbyri-
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substitute goods.

1. MOTIVATION

A comparative statics analysis is sometimes quite easy to solve. For example, suppose
the demand function of a linear, one-commodity market model is
Qi=a->dPF
and the supply function is
Qs=c+dP
where P is price and a,b, ¢, d are positive independent parameters. The equilibrium price

(P*) and quantity {Q*) are given when Qg == Q. So, solving the equation Qs — Q¢ =
y ¢+ dP-{(a~bP} = 0 , we get




Theorem. [p. 65, 1] Let A be open in R™; let f : A — R™ be of class C7, meaning the
first v derivatives of f ewist and ave continuous. If Df (7’?) is non-singular at some point '
in A, then there is a neighborhood U of the point @ such that § carries U in a one-to-one
fashion onto an open set V of R" and the inverse function f~1:V — U 4s of class C™.
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Definition. An equation of the form




Then there is a _T_Lfighburhood B of @ in R* and a unique continuous function g : B — R®
such that g(@) = b and

F(@,9(@) =T
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Proof. Define F : A — BF™ by the equation

@, Y) = (@,5(Z, 7).
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Thus, there exists a continucus function g : B — R™ such that g(E}) = b and

f(Z,g(@) =0 forall @ € B.
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Let
A= {T € B:|g(T) ~ 9o(Z)| > 0}

and

42= (# B, g[?ﬁ\-apgf_;—fzﬂi(}_}.
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Substitute D f{(p{#) and Dp(#) to the equation 4.3, we get

0 = [ %(p(?)) %(ﬂ(?)) ][ DgI(k‘ﬂ) }

() + S 2).De(2).
So,
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of the effect of changes in exogenous on endogenous variables without the need of explicit
derivation. In the next following sections, we will apply the theorem to analyze some
economic models such as the IS - LM, the market model of one geood with tax parameter,
and the market model of two substitute goods.

5. THE INVESTMENT SAVING - LIQUIDITY PREFERENCE MONEY SUPPLY
MODEL

In this section, we will use the Implicit Function Theorem to carry out a comparative
statics analysis of the IS-LM equilibrium. For simplicity, we will assume the economy is
closed (meaning there are no export and import factors), and contains only two markets:
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when the real money supply M is equal to the real demand for money, which depends on
national income y and the real interest rate r. We assume that the real demand for money

. . : , . L
would increase if national income increased and the real interest rate decreased {l.e. 5~ >0

dy
oL
and o™ <)
r
A short summary of our model assumptions is followed
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Analysis of this model consists of examining the impact of changes in the exogenous
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when two markets reach equilibrivnm.
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Then, the function f = (f, fa) from R4 to R? describing equilibrium in the goods and
money markets is written as
fl(GyM:T:y) = y_c(ysT')—I(T)_G
y— (agy +bor+ee) = (byr +¢y) — G

- = e

= 0
and
fo(G,M,ry) = L{y,r)~M

= aqpy+brrt+ceL-M

= 0.
So,
(6.1) G =(1—acly—{bc +br)r —(cc +cr)
(6.2) M =apy+brr +ecr.

To derive r as a function of G and M, we multiply both side of the equation 6.1 with ay,
and the equation 6.2 with (1 — ag}

Gar = (1 - ag)ary — (b + brlarr - (co +crlay,
M(I - ac) =(1- Cbc)(LLy 4+ (1 = agtbpr +ep{l — ag)

then,

Gay, — M1~ ac)=(1-ag)ary -~ (b + bpapr — (e + e1}ay
(1 —acyary — {1 —ag)brr — ep{l — ag)
= —f(br 4 bYar 2 (] — pedlr | = Wee b giday Hogr {1 — g,
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So, we can directly derive r as a function of & and M

Then fhe derivative of » with recpect 1o (2 and AT can be eatrnlated ag



So. we cap_exnlicitlv_salve for u_as a_function f}f G and M
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nmeans

% . oL >0
oG aL(bc + flg) + (1 — G.c)bL
Oy (bo + br) < 0
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Since we assume od < (0 and 9s > 0, we get
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Moreover, when the price of new cars is at higher level, a fixed amount of an increase
in new cars price would makc smaller impact on the de1r1a.nd for used cars, }*01 example, a
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price of new cars would increase when the price of used car increases, which coincides with

Theorem. If the demand and supply functions are linear, the relative price ralio is constant
on the eguilibrium poth.

Proof. Suppose the demand function for used car is
131:{]311.7 ‘Pu) = aP’rL - b-Pu

where a, b are positive. The supply function is

Su(Pm Pu) = - Fy - dBy

condition:
Dy (Fn, Pu) - S-u(PmPu) =0,
which means
alPy — P, +¢Py —dP, = (a+ )Py - (b+ )P, = 0.
So, the condition for the market to stay in equilibrium is % = g—}:—%, which ig a constant
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Proof. Suppose the demand function has the form

-Du(])m Pu) = ]L(Pn)k(Pu)
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Su(-P?uPu} == p(Pn)q(Pu)
Since demand and supply function are always positive, without loss of generality, suppose
h, k,p, g are positive functions. Then, by the above lamma, since h, &, p, ¢ are homogenous
lunctions of one variabie, we can rewrite our demand and supply [unctions in a specific [orm,
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where ¢ and d are positive.
Moreover, from the assumption (8.1)
8D, b
c‘?P: = caP* P >0
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P, = ¢hPIF,"" <0
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Let a(P,, ) = Y’E e the function of the relative price ratio. If a(B,, P} is a constant,
then substitute P, :THPH in our market equilibvium condition, I}, = 8§, we get
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Proof. Recall our medel

Du(Pu i) = cPiP,
SulPu ) = dFP]
where a, k,¢,d > 0, and b,e < 0.
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an, [ . .
Recall that 5 Pu = calP¢ 1 PP, then we substitute P, = { ZPJ;“" % in equation 8.4 into
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the function and get
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fall proof of the Implicit Function Theorem is presented in section 4. Basically, the Theorem
consists of two main parts: conditions (contimuity and non-singularity) for the existence and
ﬂ ﬂ LS of theimn ;[]i t netinm oy i tha formula far ite darivative The nrant techniome

R,

1equues a broad backgmund in mathematlcs as we need to use multwar]able calculus, lin-
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in economics because it demands only two reasonable conditions but produces a powerful

resuits.
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